Abstract: High-voltage dc transmission based on voltage-source converter (VSC-HVdc) is quickly increasing its power rating, and it can be the most appropriate link for the connection of offshore wind farms (OWFs) to the grid in many locations. This paper presents a steady-state operation model to calculate the optimal power transmission of an OWF connected to the grid through a VSC-HVdc link. The wind turbines are based on doubly fed induction generators (DFIGs), and a detailed model of the internal OWF grid is considered in the model. The objective of the optimization problem is to maximize the active power output of the OWF, i.e., the reduction of losses, by considering the optimal reactive power allocation while taking into account the restrictions imposed by the available wind power, the reactive power capability of the DFIG, the DC link model, and the operating conditions. Realistic simulations are performed to evaluate the proposed model and to execute optimal operation analyses. The results show the effectiveness of the proposed method and demonstrate the advantages of using the reactive control performed by DFIG to achieve the optimal operation of the VSC-HVdc.
Introduction
During 2015, 13,805 MW of wind power was installed across Europe, of which 12,800.2 MW was in the Europe Union (EU). Of the 12,800.2 MW installed in the EU, 9765.7 MW was onshore and 3035.5 MW offshore. In 2015, the annual onshore market decreased in the EU by 7.8%, and offshore installations more than doubled compared to 2014 [1] . This increase in offshore installation is expected to continue in the future. Large offshore wind farms (OWFs), typically between 250 MW and 1000 MW, are likely to be built within a distance of approximately 100 km to 150 km from the coast [2] . These OWFs will have to contribute to the operation of the grid as well as to the grid's reliability and security.
OWFs must inject their energy into the grid through stronger connection buses at higher voltage levels, and thus they require larger transmission lines. As distances increase (mainly undersea), so do the AC cable costs, and the cost becomes prohibitive beyond certain distances [3] . Long AC cables produce large amounts of capacitive reactive power and thus reduce the transmission capacity. For long distances, high-voltage DC (HVdc) connections are an interesting option, and they are especially adequate for undersea cables. Today, HVdc transmission is based on two alternative technologies, namely, Line Commutated Converters (LCC), using thyristors, and Voltage Source Converters (VSC), using Insulated Gate Bipolar Transistors (IGBTs) [2] .
LCC-HVdc links are generally used in high-power applications, typically 1000 MW or higher. However, a LCC-HVdc requires a strong AC voltage system for its commutation and to allow the converters to work properly. Moreover, it cannot provide independent control of the active and reactive powers. Thus, either a synchronous compensator or a Static Synchronous Compensator (STATCOM) is required at the offshore station to supply the necessary short-circuit capacity [3] . VSC-HVdc technology overcomes this deficiency by using auto-commutated switches, and it can feed island and passive networks. Further, reactive power control is independent of the active power control. Thus, VSC-HVdc links are attractive for the connection of OWFs to the grid [4] [5] [6] .
DFIG wind farms and HVdc links have been thoroughly studied as separate components. In [7] , an optimized dispatch control strategy for the active and reactive power output of the DFIG was considered for onshore wind farms. Nevertheless, the reactive power capability curve of wind turbines is not considered. The incorporation of the active power-reactive power P-Q wind turbine curve in the Optimal Power Flow (OPF) algorithm is shown in [8, 9] . In this instance, the method proposed obtains the set points and takes into consideration the loading capabilities of the wind turbines. The incorporation of the VSC-HVdc equations in the OPF is formulated in [10] , which gives suitable algorithms to determine the best solution for high-power systems with VSC-HVdc. In [11, 12] , the representation of a system consisting of one OWF connected to the grid through a LCC-HVdc link (OWF+HVdc) was proposed. The difficulties with the controllability of a LCC-HVdc link (mainly on the sea side) are highlighted on these papers. This paper proposes the integrated operation of the OWF and the DC interconnection, including in a unique optimization problem, a VSC-HVdc steady-state model, and the detailed representation of an OWF, aiming to calculate the optimal combined operation. The optimal method considers the doubly fed induction generator (DFIG) capability limits, the HVdc restrictions, and the operational requirements in one unique optimization problem, aiming for the improvement of the overall system operation. The main objective of this operation is to maximize the active power output of the configuration of the DFIG and VSC-HVdc, i.e., to minimize electrical losses throughout the system. The results show the effectiveness of the proposed method and demonstrate the advantage of using the reactive power control performed by DFIG to achieve the optimal operation of the VSC-HVdc.
DFIG Base Wind Turbine
The doubly fed induction generator (DFIG), when connected to the grid, can supply power at constant voltage and constant frequency while the rotor speed varies [13] . The DFIG consists of a wound rotor induction generator with the stator directly connected to the grid and with the rotor interfaced through a power electronics converter (back-to-back). This configuration is especially interesting as it allows the power electronic converter to deal with approximately 30% of the generated power, reducing the cost and the efficiency compared with full converter based topologies [14] . Additionally, a DFIG has a decoupled control of active power and reactive power, using vector control techniques.
When DFIG-based wind turbines are connected to a LCC-HVdc transmission, the OWF side is working in islanding mode. Therefore, the DFIG must contribute to the regulation of the grid voltage and frequency, and it operates as a variable speed stand-alone generating system. Several control strategies have been proposed to regulate the generator in this operation mode [15] [16] [17] . However, a VSC-HVdc can work as a grid-supporting converter by using a control loop [18] . This includes the regulation of the voltage amplitude and frequency in the OWF grid. In this paper, the development of a VSC-HVdc model follows the control strategies of a grid-supporting converter presented in [19] .
On the other hand, the capability curve of the DFIG-based wind turbines depends on the stator active power, while the rotor power is related to the stator power through the slip, s [15] . Therefore, the reactive power capability relies on the rotor speed of the wind turbine [9, 10] . The total capability of the DFIG can be used to improve the combined operation of the OWF and HVdc system.
Reactive Power Capability Limits
The DFIG reactive power capability limits are obtained by considering both the stator and the rotor rated currents [10] . These currents are responsible for the heating of the stator and the rotor windings due to Joule losses. Another limit of the wind turbine is the maximum active power due to the aerodynamics power (P g max ), which results from the available wind speed and the power conversion curve. In Figure 1 , the steady-state capacity limits of the DFIG are represented, including the stability limit of the generator [11, 12] . The resulting P-Q curve is formed by the minimum absolute value of the four operational limits (the stator current, the rotor current, the maximum active power, and the stability limit). The shaded area in Figure 1 represents the feasible area of operation for the DFIG-based wind turbine. A variation in the stator voltage affects the capability limits of the DFIG (without including P g max ). Moreover, the rotor limit depends on the rotor winding rating of the DFIG and the rating of the power converter. However, the power converter must be rated to at least the rated current of the rotor winding, while the rotor voltage is related to the stator voltage through the slip [12] . In conventional operation, the active power generated by the DFIG has a given value that depends on the wind speed and the power curve of the turbine. However, the DFIG reactive power can be controlled between the limits shown in Figure 1 . These reactive power limits can be expressed as [11] :
(1)
where
, and U s is the stator voltage. To maintain the simplicity of the model, the DFIG parameters (magnetising reactance X M and stator reactance X s ) and the rated rotor current are assumed to be constant values for all the feasible operation points [12] .
VSC-HVDC Steady State Model
The steady-state model of the VSC-HVdc can be ideally simplified with the following assumptions [20] :
The internal voltages have constant amplitude and frequency, and they are balanced.
2.
All voltages and currents harmonically produced by the converters are neglected. The operation principles of the VSC-HVdc can be explained by considering each VSC station separately. In Figure 2 , one VSC is connected to the OWF side and the other to the grid, both using an interfacing transformer. The impedances of the interface transformer are R r + jX r and R i + jX i . The amplitude and the phase angle of the output fundamental AC voltage (V ra < β r and V ia < β i ) for each VSC station can be modified with respect to the amplitude and the phase angle of the respective AC system voltage (on the OWF side, V r < φ r , and on the grid side, V i < φ i ) [4] . The amplitude and the phase angle of the voltage drop across the impedances of the interfacing transformers are modified with the active and reactive power flows. Finally, the active power flowing through the HVdc link can be calculated knowing the DC voltage at each HVdc side, U dr and U di , respectively, together with the DC current I dc . In this work, all magnitudes are in per unit (p.u.) for both AC and DC grids. The relationship between the AC and DC base values is included in Appendix A.
Rectifier Model
Based on the equivalent circuit represented in Figure 2 , it is possible to obtain the equations that model the rectifier operation when it is connected to the OWF ( Figure 3 ). It must be stressed that, in the present operation, the active power flow is always from the OWF to the external grid, which simplifies the operational modes of the HVdc. The VSC output fundamental AC voltage phasor V ra lags the AC voltage phasor V r by an angle δ r (see Figure 3 ) because the active power P gr flows from the OWF to the rectifier. Therefore, the active power flowing into the HVdc link P dr will modify the phase shift angle δ r . This angle is defined as:
However, the reactive power Q gr flows from the OWF to the rectifier when the amplitude of the AC voltage phasor V r is larger than the VSC output fundamental AC voltage phasor V ra for a relatively small δ r . Therefore, the reactive power supplied or absorbed, Q dr , by the rectifier is modified by adjusting the amplitudes of the VSC output fundamental AC voltage (V ra ).
The VSC output fundamental AC voltage magnitude at the rectifier terminal, V ra , is related to the amplitude modulation index of the space-vector PWM [17] , M r (p.u.), and to the DC voltage U dr by:
The active power, P dr , flowing into the DC side of the rectifier can be expressed as follows:
By taking into consideration the voltage drop ∆V r given in Figure 3 , according to the phasor representation, the equivalent circuit, and (4) and (5), the reactive power flowing into the AC rectifier terminals Q dr can be calculated as follows [20] :
Similarly, the angle δ r may be calculated using the following equation:
Additionally, the active and reactive powers, P gr and Q gr , can be obtained with the following expressions:
Inverter Model
Similar to the rectifier operation mode and based on the equivalent circuit shown in Figure 4 , the inverter operation mode of the VSC station connected to the grid can be obtained. The phasor VSC output fundamental AC voltage V ia leads the phasor AC voltage V i by an angle δ i (see Figure 4 ) when the active power P di flows from the AC side converter to the grid. This angle is defined as:
The reactive power Q di flows from the AC side inverter to the grid when the amplitude of the phasor VSC output fundamental AC voltage V ia is greater than the phasor AC voltage V i for a relatively small δ i .
Similar to the rectifier mode operation of the VSC, the DC voltage U di can be calculated as:
where M i (p.u.) is the amplitude modulation index at the inverter station. The active and reactive powers, P di and Q di , of the AC side inverter can be expressed as follows:
The active power P gi can be obtained by:
As a result of the voltage drop ∆V i in Figure 4 and (14), the reactive power Q gi i:
The angle δ i may be calculated as:
Finally, based on Figure 2 , the current flow through the DC link between the two terminals of the converter is expressed by (17) . The equivalent model the HVdc link is modeled as a cable with a resistance R dc .
Optimization Procedure
This paper focuses on the maximization of the active power output of the OWF+VSC-HVdc, given the restrictions imposed by available wind power, the reactive power capability of the DFIGs, and the VSC-HVdc link models. The best operation point can be found through an optimization problem involving the AC and DC grids, the interface between these grids, and a wind turbine representation.
The general optimization problem can be formulated as:
Maximise P gi Subject to h(X) = 0 g min ≤ g(X) ≤ g max (18) where P gi is the active power output of the OWF+VSC-HVdc system, X is the vector of optimization variables for the combined ac-dc OWF+VSC-HVdc system, h(X) are the equality constraints of the AC and DC grid equations, and g(X) are the inequality constraints.
Optimization Variables
The optimization variable vector is defined as:
is the vector of the voltage magnitudes for each AC bus in the OWF+VSC-HVdc system and n is number of AC buses in the system (including the output bus, i.e., the connection with the external system),
is the vector of phase angles for each AC bus voltage in the OWF+VSC-HVdc system,
is the vector of the reactive power generations for all of the DFIGs at the AC buses, including the grid bus, and
is the vector of the HVdc link variables.
In this analysis, all of the variables are continuous, and the dimension of the optimization variable vector is (2n + n g + 10), where n g is the number of AC generator buses in the wind farm plus the output bus.
Equality Constraints
The balances between the active and reactive powers at the AC buses of the OWF are represented by equality constraints. For each k AC bus (except those connect to the HVdc link), the nodal power flow equations are given by:
where G kj and B kj are the conductance and susceptance, respectively, of the transmission lines and the transformers between the k and j buses of the OWF, P gk and Q gk are the active and reactive power generations for each DFIG, respectively, and δ kj is the phase angle difference between the k and j buses. The active and reactive balances in AC bus k (when connected to the VSC-HVdc link) must consider the DC power flowing into the DC terminals. Moreover, the incorporation of passive filters connected to both the HVdc rectifier and the inverter terminals, represented by constant shunt admittances Y s , must be also included in the reactive power balances (although this value is small for the VSC-HVdc links, and it can generally be ignored). Therefore, the equations for the active and reactive power balances at the AC bus r (see Figure 2 ) on the rectifier converter side are:
The equations for the active and reactive power balances at the AC bus ia (see Figure 2) can be written as:
The equations of the HVdc model (see Section 3) are explicitly modeled as equality constraints by the following equations:
In this formulation, the optimization problem includes (2n + 12) equality restrictions.
Inequality Constraints
The voltage and phase angle limits for AC buses are represented as an inequality constraint in the model:
The active power limit in each DFIG wind turbine is represented as:
The capability limits in each DFIG wind turbine set of the OWF are represented as:
The reactive generation limit for the output bus is represented as:
The operational limits in the HVdc model of vector X hvdc are given by:
where the additional subscripts r and i are used to denote the quantities of the rectifier and inverter sides, respectively. Moreover, T ik max and T ik are the maximum limit and the variable value of the apparent power of the transmission line between buses i and k, respectively. The optimization problem considered here requires the representation of [2(2n + 2n g + 9)] inequality constraints. This paper solves the proposed optimization problem using the Predictor-Corrector Primal-Dual Interior Point method, as described in [21] .
Case Study
To illustrate the optimization procedure, an OWF comprised of 60 × 5 MW DFIG-based wind turbines (resulting in a 300 MW OWF) is connected to a VSC-HVdc transmission link and, subsequently, to the grid. The string cluster is composed of six DFIG wind turbines with step-up transformers operated at 690 V/30 kV and 5 MVA and an impedance transformer equal to X tr = 0.05 p.u. and R tr = 0.005 p.u. (the base values are the generator rating), as shown in Figure 5 . The submarine cable parameters are shown in Table 1 [22] . The AC bases are V ac_base = 132 kV and S base = 300 MVA. The DC bases are defined by using the equations in Appendix A. The VSC-HVdc link has a rating of 300 MW and operates at ±100 kV. Each converter has a 30 kV/132 kV step-up transformer with an impedance equal to R r,i = 0.0065 p.u. and X r,i = 0.1 p.u. The total resistance of the HVdc cable is R dc = 0.9 Ω (0.067 p.u.) for a length of 100 km. To simulate the performance of the model for all operational wind speeds, the case study was sequentially solved for different operation points. Each wind turbine power input, P gk , was varied between 0.0833 MW (0.00027 p.u.) and 5 MW (0.0167 p.u.), with a step size of 0.0833 MW (0.00027 p.u.). The allowable ranges of values for all variables are given in Tables 2 and 3 . Table 2 . AC variables range.
ac Variable Bus k Limits
Min Max Table 3 . DC-link variables range.
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Non-Optimal Operation of the OWF-VSC-HVDC
For comparison with the proposed optimization procedure, a power flow solution is used to find the steady-state operating point of the VSC-HVdc and OWF system without optimization.
In this OWF study case, the control of the rectifier station is modeled as the slack node (i.e., bus 122 in Figure 5 has a constant voltage module, V ra = 0.97, with a phase angle β r = 0 • ). This control approach of the rectifier is very useful because the power flow problem involves fixing a reference angle and balancing the active and reactive power in the internal grid of the OWF.
Moreover, the reference AC bus at the inverter side, named the 124-bus (see Figure 5 ), has the values V i = 1.0 and β i = 0 • . Consequently, the modulation indexes at the converters are constants in the model of the VSC-HVdc (M r = 0.87 and M i = 0.9 for the fixed reference AC voltages). Furthermore, each wind turbine bus on the OWF is expressed in terms of the active and reactive powers supplied (PQ bus). Hence, each DFIG must have a particular power factor (pf) based on the P gk range.
These fixed values ensure that the solution of the power flow problem fits the allowable range of values for the AC and DC voltages (see Tables 2 and 3 ). Figure 6a illustrates the active and reactive power on all DFIGs of the first row of the OWF under a predetermined power factor (pf = 0.9 leading) at different wind speeds. Figure 6b shows that the generator voltage modules of the first row of the OWF are increased due to the injection of reactive power in those buses. However, this reactive power injection (in Figure 6d) causes an increase in the voltage at the collector bus (13-bus, see Figure 5 ), as shown in Figure 6c . Figure 7 shows the variables of the VSC-HVdc model. In Figure 7a , the reactive power absorbed by the rectifier station (Q dr ) causes the rectifier to operate with a low power factor for a full load due to the injection of reactive power by the DFIGs of the OWF. However, the inverter station almost maintains a unity power factor over all ranges of values, as is observed in Figure 7b .
As expected, the DC voltage on the rectifier (Figure 7c ) is constant for all ranges of operation due to the fixed modulation index (M r ). The fixed modulation indexes at the converters of the VSC-HVdc are shown in Figure 7d . The selected values (M r = 0.87 and M i = 0.9) fulfill two requirements for the safe operation of the system; the first value achieves the allowable range of values in the AC and DC voltages, and the second value prevents overmodulation in transient operation. When a power factor equal to one is used, the behavior of the OWF and VSC-HVdc changes slightly. The voltage modules of the first row of the OWF and the collector bus (13-bus) are lower than in the previous case (Figure 8b,c) . The reactive power is now supplied by the VSC-HVdc, as shown Figure 8d . This reactive power cannot maintain the voltages in the OWF. Moreover, the reactive power supplied by rectifier station (Q dr ) is 48 Mvar with a full load ( Figure 9a) ; therefore, the rectifier is still operating with a poor power factor.
Finally, Figure 9b -d shows no change with respect to the previous case (DFIG pf = 0.9, see Figure 7 ) because the voltage at the rectifier bus is fixed (122-bus). 
Optimal Operation of the OWF-VSC-HVDC
This section presents the result of the optimal operation. It is remarkable that there is no need to define PV, PQ, or the reference bus in the optimization procedure. In fact, the voltage can change in all the buses between the specified limits to achieve optimization. However, to assess and compare the optimization approach with the previous case, some variables are predefined in the optimization procedure. Hence, the value of the phase angle of the output fundamental AC voltage at the rectifier (122-bus, see Figure 5 ) β r is fixed to zero. On the inverter side, the reference bus is the same as in the previous case (V i = 1.0, and
The optimization procedure finds the optimal operation using the reactive capability of the DFIG. Figure 10 shows the optimization results. In Figure 10a , the reactive power is fixed in each DFIG to achieve the objective function, i.e., to minimize the power losses in the overall OWF-HVdc system. Some wind turbines have lagging and leading power factors that are different from those in previous cases. Moreover, the reactive power in the OWF (Figure 10d ) is smaller than the value obtained in the previous cases (see Figures 6 and 8) , and the voltages of the first row of the OWF and the collector bus (13-bus) are close to one (Figure 10b,c, respectively) . Figure 11a shows that the reactive power delivered by the rectifier is lower than in the previous cases (5 Mvar at full load). Thus, the rectifier operates with a better power factor, and the sizing of the rectifier station may be reduced, which allows the selection of a more efficient, reliable, and cost-effective converter for the VSC-HVdc. Figure 12 shows the power losses at both the OWF and OWF+VSC-HVdc links. In both cases, losses are reduced when the optimal operation is employed versus operation at a fixed power factor. In the optimal operation, the power factor is set independently at each wind turbine in order to minimize losses. 
Conclusions
An OWF with a DFIG and a VSC-HVdc link has been modeled to obtain the optimal operation of the overall system. The problem has been formulated as a nonlinear optimization problem in steady state. A case study for a 300 MW-rated OWF was sequentially solved for the whole active power range by taking 60 operation points. The proposed procedure includes the DFIG capability limits, the VSC-HVdc restrictions, and the operational requirements for the right level of security for the OWF-HVdc system. Three different reactive power control concepts for each WT were considered (pf = 0.9; pf = 1.0; and pf = optimum). The proposed optimal method was compared with the solutions of classical power flows, obtained by operating the WT at a constant power factor (pf = 0.9 and pf = 1.0). The simulation results show that optimal operation of the OWF with a VSC-HVdc link can be achieved, allowing a more efficient, reliable, and cost effective converter for the VSC-HVdc link for all wind conditions. These results show, in 300 MW, that the optimization procedure contributes to a reduction in power losses at the OWF of around 13% in the pf = 0.9 case and up to 4.76% for the pf = 1.0 case. The optimization procedure makes use of the reactive capability of the DFIGs to obtain the optimal operation of the combined OWF and HVdc system. The results also show that operation at a fixed power factor in the DFIGs is not an optimal solution.
